arXiv:1508.07604v2 [math.NT] 21 Apr 2017 


PARTIAL HASSE INVARIANTS, PARTIAL DEGREES AND THE 
CANONICAL SUBGROUP 

STEPHANE BIJAKOWSKI 


Abstract. If the Hasse invariant of a p-divisible group is small enough, then one can construct 
a canonical subgroup inside its p-torsion. We prove that, assuming the existence of a subgroup 
of adequate height in the p-torsion with high degree, the expected properties of the canonical 
subgroup can be easily proved, especially the relation betwwen its degree and the Hasse invariant. 
When one considers a p-divisible group with an action of the ring of integers of a (possibly 
ramified) finite extension of Qp, then much more can be said. We define partial Hasse invariants 
(they are natural in the unramified case, and generalize a construction of Reduzzi and Xiao in the 
general case), as well as partial degrees. After studying these functions, we compute the partial 
degrees of the canonical subgroup. 
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Introduction 

Let p be a prime number. Let A be a finite extension of Qp and Ok its ring of integers. If A 
is an abelian scheme over Ok, we say that A is ordinary at p if the p-divisible group A[p°°] is an 
extension of a multiplicative p-divisible group and an etale one. If it is the case, then there is only 
one subgroup of A[p] of height the dimension of A which is multiplicative. It lifts the kernel of the 
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Frobenius in the special fiber. 

When A is close to being ordinary at p, then a similar result holds. The fact that A is ordinary at 
p is equivalent to the fact that the Hasse invariant of A is zero (the Hasse invariant is an element in 
[0,1]). The theory of the canonical subgroup says that if the Hasse invariant of A is small enough, 
then one can construct a canonical subgroup inside A[p\, which is equal to the multiplicative part 
of A\p] when A is ordinary. This construction has been done by Katz [Kat] and Lubin |Lu| for the 
elliptic curves, and by Abbes and Mokrane 1 |A-M| 1 for general abelian schemes. 

The problem actually makes sense for a general p-divisible group (not necessarily attached to an 
abelian scheme) : one can define the Hasse invariant for a p-divisible group, and try to construct 
a canonical subgroup when the Hasse invariant is small enough. This has been done by Tian 
l|Tip. using global methods and resolutions of p-divisible groups by abelian schemes. In |Fa2| . a 
purely local construction has been made explicit. The canonical subgroup has been a very active 
research topic, let us mention the contributions of Andreatta-Gasbarri 1 |A-Gap . Conrad f |Cop . 
Goren-Kassaei 1 |G-Kp . Hattori ([Ha]) and Scholze (|Sch|). 

Once the canonical subgroup has been constructed, it is important to have some extra information 
for it. Fargues has defined in |Fa| the degree of a finite flat group scheme over Ok- The main result 
of |Fa2| is then the construction of a canonical subgroup C C G[p], where G is a p-divisible group 
whose Hasse invariant is strictly less than 1/2. Moreover the height of G is the dimension of G, 
and the degree of the dual of G is equal to the Hasse invariant. 

We prove that the canonical subgroup is in fact characterized by these properties. Indeed, one 
has the following result. 

Theorem. Let K be a complete valuated extension of Qp, and let G be a p-divisible group over 
Ok- Let C be a finite flat subgroup of G[p] whose height is the dimension of G. Suppose that 
degG^ < 1/2, where G^ is the dual of C. Then G is uniquely determined by these properties. One 
has the relation 

degG'° = ha{G), 

where ha{G) is the Hasse invariant of G. Moreover, G is the kernel of the Frobenius modulo 
pl-ha{G) 

If one supposes the existence of a subgroup of the right height, and whose dual has small degree, 
then it can easily be proved that this subgroup is canonical in some sense. The proof of the theorem 
is relatively simple, and relies on the properties of the degree function, together with the description 
of Tate-Oort l |T-Op for finite flat group schemes of order p. Note that there is no assumption on p 
in this theorem, unlike the result in |Fa2| . It is then very natural to define the canonical subgroup 
as being a subgroup with prescribed height, and whose dual has sufficiently small degree. 

A key feature for the canonical subgroup is the relation between its degree and the Hasse in¬ 
variant of the p-divisible group. When one considers a p-divisible group with additional structures, 
then much more can be said. Let A be a finite extension of Qp, Op its ring of integers and suppose 
that G is a p-divisible group with an action of Oi^’. Then it is possible to define partial Hasse 
invariants for G, partial degrees for the subgroups of G[p], and to relate all these elements for the 
canonical subgroup. We will describe these invariants and the relations in the case where F is either 
unramified or totally ramified, the general case being of combination of these two cases. 

Let K be a finite unramified extension of Qp and let AT be a complete valuated extension of 
Qp containing F. Let T be the set of embeddings of F into Qp, and let G be a p-divisible group 
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over Ok with an action of Op- We recall that the Hasse invariant of G is defined as the valuation 
of the determinant of the map 

V : —>■ Wg(p), 

where G := G XOk Ok/p, the superscript (p) means a twist by the Frobenius and V is the Ver- 
schiebung. Since G has an action of the Ok module ojg admits a direct sum decomposition 
according to the elements of T : 

WG = ^ WG,r- 
tGT 


The map V induces maps 

■ ^G.r ^ 

where ct G T is the Frobenius. One can then define partial Hasse invariants har{G) G [0,1] as the 
valuation of the determinant of 14 for all t G T- The sum of the partial Hasse invariants is the 
Hasse invariant ha{G). 

If iJ is a Op-stable finite flat subgroup of G[p], then one can define partial degrees (deg^ H)r 
for H, as well as for its dual . The sum of the partial degrees is the total degree. One has the 
following information concerning the canonical subgroup in that case. 


Theorem. Let F be a finite unramified extension of Qp and let K be a complete valuated extension 
ofQp containing F. Let G be a p-divisible group over Ok with an action of Op- Suppose that there 
exists a canonical subgroup O for G[p]. Then one has 

deg^O^ = har{G), 

for all r G T. If moreover the Hasse invariant of G is strictly less than l/(p -f 1) then 

har{G/G) = p ■ hacr-^r{G), 


for all T G T- 


Note that the computations of the partial Hasse invariants har{G/G) were already done in |G-K) 
for the Hilbert modular variety. 

The definition of the partial Hasse invariants and the partial degrees is very natural when F is 
unramified. The situation is more involved in the ramified case. Suppose now that F" is a totally 
ramified extension of Qp of degree e > 2 with uniformizer tt. Let iF be a complete valuated extension 
of Qp containing the Galois closure of F and let G be a p-divisible group over Ok with an action 
of Op. The OpT-module ojg do not split under the action of Op, but one has a filtration 

0 C C • • • C = WG, 

where ojq /lJ^ is free over Ok and with Op acting on it by a fixed embedding. This filtration 
is well defined once we have fixed an ordering on E, the set of embeddings of F into Qp. The 
construction of the partial Hasse invariants for the special fiber of the Hilbert modular variety 
has been done by Reduzzi and Xiao f |R-X| i. and the generalization of their method is straight¬ 
forward. Let us describe briefly this construction. The Verschiebung map respects the filtration 
on LOG ®Ok Ok/'^'i the valuations of the determinants of V acting on the graded pieces give ele¬ 
ments /ia[^l(G),..., /ia!®i(G) in [0,1/e] that we call the partial Hasse invariants. Moreover, one can 
decompose each of these invariants. The action of Op gives a map [tt] : log —>■ log- If we denote 
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by wg {i/e} := WG <8i Ok/t^Ok, and similarly for then the maps [tt] sends into 

[7 —ll 

uJq {i/g} for all 1 < j < e. One then gets a map 


,bl 


,b-i] 




,b-i] 


J' 


,b- 2 ] 


G,{l/e}/‘^G,{l/e}- 


for all 2 < j < e. The valuation of the determinant of this map will be denoted by One 

also gets a map 

^ (‘*^G,{l/e}/wG,{i/e})^^\ 

where the superscript (p) means a twist by a Frobenius. This map can be thought as the composi¬ 
tion of the division by and the Verschiebung map. The valuation of the determinant of this 

map will be written hasse{G). 

One can then define primitive Hasse invariants {hasseiJG), wP''' (G),..., rrP (G)); the partial in¬ 
variants (G) can moreover be expressed as linear combinations of these primitive Hasse invari¬ 
ants. Note that the element hasse{G) is related to the Verschiebung, whereas the elements mf'll(G) 
depend only on the structure of ujg as an Ok OZp OF-module. The relations m^^\G) = 0 for all 
2^ < j < e are equivalent to the fact that loq is free over Ok ®Zp Op (this is usually called the 
Rapoport condition). We prove a duality result for these partial and primitive Hasse invariants 
fsection [1.2l) . We also show that they do not depend on the choice of any ordering for E if the total 
Hasse invariant is strictly less than 1/e (see Proposition 11.121) . 

If H is an OF-stable finite flat subgroup of G[p], then one can define partial degrees deg^^^ H. 
Indeed, one has a map 

^G/H —t WG, 

and the valuation of the determinant of this map is the degree of H. This map respects the filtration 
on each of the two modules, so one gets maps 

^GIHl^GIH ^G I^G 

for all 1 < j < e. The valuation of the determinant of this map is by the definition the partial 
degree of H. Considering the map uiqd —>■ uJ(^g/h)^! oae defines similarly the partial degrees of 
the dual of H. We prove some properties for these partial degrees (additivity, compatibility with 
duality), and we also prove that if the degree of H (or its dual) is sufficiently small, then the partial 
degrees do not depend on any choice for the set E (see section [2^ . 

In this setting, we prove the following properties for the canonical subgroup. 


Theorem. Let F be a totally ramified extension ofQp of degree e > 2 with uniformizer tt, and let 
K be a complete valuated extension ofQp containing the Galois closure of F. Let G be a p-divisible 
group over Ok with an action of Op. Suppose that there exists a canonical subgroup C C G[p\, and 
suppose that the Hasse invariant of G is strictly less than 1/e. Then 

deg(G[7r'=]/G[7r'^-i])^ = ha['=-'=+^l (G) 

for all 1 < k < e. Moreover, one has 

deg^^^ G[7r]'° = hasse{G) and deg^-^^ = m^^\G) 

for all 2 < j < e. If ha{G) < l/{pe) and if there is a canonical subgroup for GjG, then one has 

hoP\G/C['K\) = p ■ ha^^^{G) and ha}-^\G/Cp]) = ha^^~^'^{G) 

for all 2 < j < e. 
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One can then relate the degree of the groups C[7r^]/C[7r^“^] to the partial Hasse invariants, and 
the partial degrees of CItt] to the primitive Hasse invariants. One can also compute the partial 
Hasse invariants of G/C[7r]. Actually, one can have more relations, and compute the partial degrees 
of G[7r^]/G[7r^“^], and the partial and primitive Hasse invariants of G/G[7r^] for all 1 < fc < e (see 
tables 13.11 and 13.2|) . 

Let us now talk about the organization of the paper. In the first part, we define the partial 
and primitive Hasse invariants for a p-divisible group with an action, and prove certain properties 
for these invariants. In the second part, we define and study the partial degrees for a finite flat 
subgroup of such a p-divisible group. In the third section, we first describe an alternative approach 
to the canonical subgroup. Then we consider the canonical subgroup of a p-divisible group with an 
action, and relate its partial degrees to the primitive and partial Hasse invariants. 

The author would like to thank Valentin Hernandez for helpful discussions. 

Notations 

Let F be a finite extension of Qp. Let / and e be respectively the residual degree and the 
ramification index, and let Op denote the ring of integer of F. We will write F“’' for the maximal 
unramified extension of Qp contained in F and Of’"- for its ring of integer; it is an extension of Qp 
of degree /. Let tt be an uniformizer of F. 

Let T and S be respectively the set of embeddings of F“'' and F into Qp. For each t € T, 
we denote by T,t the set of cr G S, such that cr is equal to r by restriction to We will write 

T = {ti, ..., t/}, such that Tipi = for 1 < i < / — 1, where a is the Frobenius. We thus have 
an identification between T and {!,...,/}. 

Let AT be a complete valuated field which is an extension of Qp. We suppose that K contains the 
Galois closure of F. We normalize the valuation of K such that v{p) = 1. Let Ok be the valuation 
ring of K, and k the residue field. If M is an Ox-module with an action of Of”'-, then there is a 
decomposition 

/ 

m = 0m„ 

where Mi consists of the elements of M where Of“'- acts by Ti. 

For all a > 0 we will write me := {x G Ok,v{x) > a}. If M is a Ox-module, we write 
:= M ®Ok OK/'^a- If M is a free Ox,{a}-module of finite rank, with a < I, we define 
M^P'> := M®Ok {c}.f where tp is the Frobenius acting on Ox,{a}- This is still a free Ox,{a} 

module of the same rank. 

In this paper, we will consider a p-divisible group G defined over Ox endowed with an action of 
Op. In other words, we suppose the existence of a morphism 

Op End(G). 

The height of G is thus divisible by e/, we will denote by h this height divided by e/. Let loq be 
the conormal sheaf of G along its unit section; it is a free Ox-module of rank the dimension of G 
which has an action of Of- We will make the following hypothesis throughout this article. 

Hypothesis 0.1. The AT-vector space ujg ^Ok K is a, free AT OF-module. 


6 


STEPHANE BIJAKOWSKI 


This condition says that there is no obstruction for G to be ordinary. In general, there exists a 
decomposition ujg®Ok ^ — ©o-geK,-, with Op acting on by cr. The hypothesis is then equivalent 
to the fact that the dimension of Vo- is independent of a. Let d be the dimension of any 14-; the 
dimension of G is then efd. If uiq is a free Ok OF-niodule, then we say that G satisfies the 
Rapoport condition. 

The module log has an action of thus has a decomposition 

/ 

WG = 

i=l 

where wg.i is a free Oi^-module of rank ed, with Op^r acting on it by t^. To simplify the notations, 
we will just write lo and lOi for log and WG,i when there is no possible confusion. 

1. Partial Hasse invariants 

_ _(p) 

1.1. Definition of the invariants. Let G denote the reduction of G to Op/p, and let G be the 
twist of G by the Frobenius. We have the Verschiebung map 

y ■ ‘j-'G ■ 

But we have loq = and lo-^(p) = We thus get a map 

V : W{i} ^ 

The module W{i} is free of rank efd over Ok,{i}- By fixing bases and taking the determinant of 
the previous map, one gets an element that we will denote by Ha{G). It is an element of Ok.{i}- 
Its truncated valuation is the Hasse invariant and will be denote by ha{G) G [0,1]. Since G has an 
action of Of, one can refine this invariant, and define partial Hasse invariants. They are natural in 
the unramified case. 

Recall that we have a decomposition co = The Verschiebung map induce maps 

Vi ■ ^L{1} 

for all 1 < i < / (here and later, we set loq = LOf). Each module {ij. is free of rank ed over Ok,{i}- 

Definition 1.1. The element Hai{G) is defined as the determinant of V- It is an element of 
Ok,{i}- Its truncated valuation will be denoted by hai{G) G [0,1]. 

We call the elements (hai(G))i the unramified partial Hasse invariants. If F is unramified over 
Qp, we have thus constructed all the partial Hasse invariants claimed in the introduction. The sit¬ 
uation is more involved in the ramified case. Their definition is a straightforward generalization of 
a construction from Reduzzi and Xiao for the special fiber of the Hilbert modular variety (see |R-X| 1. 

Let us fix an element 1 < * < / and consider the free OF-module lOi. It has an action of 
Op, and Oppr acts on it by r^. Let us write for E,-.; we recall that it consists of the elements of 
E which are equal to by restriction to . Let us fix an ordering on this set: E^ = {ci,!,..., Ci e}. 
The /V-vector space lOi ®Ok ^ ^ natural decomposition 

e 

®Ok ^ 

f=l 
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where Ni^j consists of the elements of uji ®Ok ^ with Op acting on them by cTij-. This gives a 
filtration on ujg ®Ok tiy considering the subspaces Fij = We can pull back this 

filtration to and get a filtration 


0 = 4°' c c 


[1] 


C Wi = LOi 


\i] \i] 

Each ui^ is a free O/c-module of rank dj, and we have ui^ 0 Ok ^ By consequence, each of 

the graded pieces is a free Oic-module of rank d, is isomorphic over K to and Op 

acts by aij on it for all 1 < J < e. 

The uniformizer tt of E acts on uif, we will denote [tt] : u)i ^ uJi the map induced by its action. 
This map acts on as the scalar aij(7r) for all 1 < j < e. This element has valuation 1/e; 

thus if we reduce modulo rrii/e, the map [tt] will be trivial on the graded pieces. More precisely, for 
all 1 < J < e, we have a map 


, ,[i] , , ,b-i] 


Definition 1.2. For all 1 < i < /, and for all 2 < j < e, we write Mp^ the map 


,b] 


We write MppG) the determinant of this map; it is an element of We also define 

mppG) := u(MppG)) € [0,1/e]. 


— 5 . I 

/e} ‘^i.fl/e} 


/, ,[3-2] 
/‘^i.fl/e}- 


Note that all the graded parts wpp/e}/‘^F{i/e} rank d over The element 

MppG) depends on the choice of the uniformizer tt, but its valuation mppG) does not. These 
elements also depend on the choice of an ordering for the set To study this dependence, we first 
make a definition. 


Definition 1.3. A filtration 0 = , 

L{l/e} 

the following conditions are satisfied. 


C F\ 


[ 1 ] 




c • • • C F, 


i {i/e} ~ ‘^Ufi/e} called adequate if 


• Each ■}/ I {i/e} ^ Or, {1/e} -module of rank d, for 1 < j < e. 

• The map [tt] sends into Fp|j^p| for 1 < / < e. 


The filtration (wpP^gP we constructed is thus adequate. Each adequate filtration gives maps 


[ttI : F 


[j] 




nb-2] 




d,{lie}/^i,{lie} 

for 2 < j < e and thus elements (mpp, with mp^ G [0,1/e]. If these elements are small enough, 
then they do not depend on the adequate filtration. Indeed, we have the following propositions. 

Proposition 1.4. (^iqi/e}) be an adequate filtration with invariants rn^\ Let 

ri = X]fc= 2 (^ ~ and suppose r, < 1/e. If (Fpp^^j ) is another adequate filtration, then we 

have 


F.‘ 


bl 


i,{l/e—n} 


= F 


bi 


Ufl/e-i'il 


for all 1 < j < e. 
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Proof. We fix a basis of ji/g} adapted to the filtration The map [tt] acts on ji/g} 

by a matrix of the form 


/ 


0 M 


[ 2 ] 


M, 


* 

[e-l] 

i 

0 




V 


Ne-l,e 

0 


The elements x € Tl^{i/e} verify [ttJs; = 0. Let us write the coordinates of x in the previous basis 
by 

^1 


X = 




The relation ['k\x = 0 gives Klf^Xe = 0. Since the determinant of has valuation the 
vector Xe has coefficients in m, , [ei. We thus have W = 0 in w. rn / [eii- We also have 

the relation m]® ^Ae_i + iVe_i e^e = 0. In w. ,, , [e]„ we then have ^Ae_i = 0. Thus 

Xe_i = 0 in w. Let US write 2 < j < e. Finally, we see 


that X G F 


[ 1 ] 


,{l/e— 


SO that 


^[1] ' _ ^[1] 

[ 1 ] 


We can then work by induction, considering w. ,, , p],/-?' 121 • We then get 


F 


[j] 


= F 


b1 


{l/e—-{1/e—r. 


[ 2 ]_ 


.b + Hl 


for all 1 < J < e — 1. Hence the result since + • • • + rf = Vi. 


□ 


We will write ri{G) = Efe= 2 (^ “ all 1 < i < /. 

Corollary 1.5. Let i be an integer between 1 and f, and suppose that we have 

m/'(G) + ri{G) < 1/e 

for all 1 < / < e. Then the elements (m//G))i<j<e can be eomputed using any adequate filtration 
on Wj {i/e}- In particular, they do not depend on an ordering for the set E^. 


Proof. Let 


(^dl/e}) 


be an adequate filtration; from the previous proposition we get 


p[j] _ , ,[/] 


for all 1 < j < e. The map [^] : w/{i/e_,,(G)}/‘^!qi/e-r-,(G)} ^ ‘^!qi/e-n(G)}/‘^!qi/Lr-,(G)} ^as a 
determinant of valuation (G) for all 2 < j < e. The determinant of 
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has thus also a determinant of valuation m}f\G) for all 2 < j < e. Since < Ije — ri{G), 

the invariant associated to the adequate filtration is equal to rnf\G). □ 

These invariants (m['^^(G)) depend only on the structure of w as an Ok ®Zp OF-module. We 
have the following characterization of the Rapoport condition. 

Proposition 1.6. The p-divisible group G satisfies the Rapoport condition if and only ifm}^ (G) = 0 
for all 1 < i < f and 2 < j < e. 

Proof. The Rapoport condition is equivalent to the fact that each oji is free over Ok ®Opu,r,Ti Op 
for all 1 < z < /. Suppose that G satisfies the Rapoport condition. Then we have 

Wi ~ {Ok ®OFnT.,Ti Of)‘^ 

as Ok ®Oi?ur,Ti OF-module. One easily reduces to the case d = 1. Since we want to prove that the 
invariants (G) are units, one can make the computation in the special fiber. But we have 

Wj ®Ok k — k[X]/X^ 

as k (g)Zp Op’-module, with tt acting on by X. We get that ®Ok ^ generated as a 

fc-vector space by X^~f ..., X'^~^. The result follows. 

Suppose now that we have m['^^(G) = 0 for all 1 < z < / and 2 < j < e. The map [tt] acting on uji 
is then of the form 

( (Tj,i(7r)/ Alf' ... * ^ 

o-i.2(7r)/ * 

■■■ 

V (Ji,e{'^)I / 

All the blocks are of size d, I is the identity matrix, and by assumption the matrixes are 
invertible. Let z;i ..., Vd be a basis of the last block. Consider the family {vk, • • ■, 
and let N be the change-coordinate matrix for this family. The image of this matrix in the residue 
field k is of the form 

^ 0 * * ... ^ 

0 * * 

0 * 

0 

V I 

This matrix is invertible, so the previous family is a basis for This concludes the fact that this 
module is free over Ok Op- Cl 

Remark 1.7. If G satisfies the Rapoport condition, there is only one adequate filtration on u>G,i,{i/e} 
for all 1 < z < /. 

We will now define another invariant related to the Verschiebung. 

Proposition 1.8. There exists a map HassCi : —>• {^i-i,{i/e} ■ 
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Proof. Let be the contravariant Dieudonne crystal of G evaluated at Ok,{i} (' |BBM| section 
3.3). It is a free Oif.{i}-module of rank efh. It is endowed with an action of Op and we claim it 
is free of rank h over Ok.{i} ®Zp Op- Let us justify briefly this assertion. It suffices to prove that 
f{i} ®Ok k is a free Oii’/p-module. But this module lifts to a kk(fc)-module £, where W{k) is 

the ring of Witt vectors of k {£ is the classical Dieudonne module of G x fc) • Since the module 
£ is automatically free over W(k) 0^^ Op, this proves the claim. We have a decomposition 

/ 

^{1} = 0^u{i}> 

with OpuT- acting on £i^{i} by r^. Let us denote by [tt] the action of 1 0 tt on £{i]. Each £i^{i} is 
a free Ox,{i}[X]/X^-raodvle of rank h, with X acting on it by [tt]. Moreover, the Hodge filtration 
f |BBM| corollary 3.3.5) gives an exact sequence 

where is the Cartier dual of G. We have a Verschiebung map 

V ■£{i] ^ ‘^U}- 

It induces maps 

for all I < i < /. We can now define the map of the proposition. Let y € we then have 

[tt]?/ = 0. We see y as an element of which is a free OK,{i/e}[X]/X^-urodvle, with X acting 

by [tt]. Thus there exists z € £i such that y = X^~^z', this element is defined modulo an element 
of X£i. Applying V, we get an element Vz € (wi-iqi/e})^^^. Since X sends (wi_iqi/e})(p) into 
the element 

Hasseiiy) ■= G 

is well defined. □ 


The map Hasset can then be thought as the composition of the division by and the 

Verschiebung map. Taking the determinant of this map, on get an element Hasset^G) G {i/e}- 
The valuation of this element will be noted hassei{G) G [0,1/e]. Actually, each choice of an 
adequate filtration for w^qi/e} give a map 




[ 1 ] 






and thus an element hasset G [0, l/ej. Fortunately, this element does not depend on the adequate 
filtration under certain hypotheses. 


Proposition 1.9. Suppose that hassei{G)+'niax{ri{G),ri-i{G)) < 1/e. Then the element hassei{G) 
can be computed using any adequate filtration on o,nd Wi-iqi/e}. 

Proof. Let r = max(r’i(G), ri_i(G)), and (E)[^|^/g}.) be adequate filtrations of for k G {i— 1, *}. 

From Proposition [TAJ we get 

pU] _, ,b] 

fc.{l/e-r} k,{l/e-r} 
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for all fc € {i — 1, i} and 2 < j < e. The map 

■■ Ffh/e-r} ^ 

has thus a determinant of valuation hassei{G). Since this element is strictly less than 1/e — r, we 


can conclude. 


□ 


In the ramified case, one can then construct the invariants (G) for 1 < i < /, 2 < j < e, which 
depend on the action oi Op on log, and another invariant hassei(G) related to the Verschiebung 
for 1 < z < /. One can relate the unramified partial Hasse invariants to these ones. 

Proposition 1.10. The Verschiebung induce maps 

T/b1 ., ,b1 /, ,b-i] , (, ,\J] /, \(p) 

for all 1 < i < f and 1 < j < e. This map is equal to the composition 

o • • • o o Hasset o o ■ ■ ■ o . 

Let JLal^^(G) G Ox.{i/e} be the determinant of this map, and ha^^\G) G [0,1/e] its valuation. We 
have the following equalities in [0,1/e] 

j e 

ha^P{G) = hassei{G) +^mf'(G) + P ^ m^ilii.G) 


k=2 


k=j+i 


hai{G) = e ■ hasseiifJ) + ^(e + 1 - k)mf\G) + pY^{k - l)m^^\{G) 


k=2 


k=2 


for alll < i < f and 1 < j < e fwe say that the equality a = b holds in [0, r] z/min(a, r) = min(6, r)). 

Proof. We first prove that the Verschiebung sends into keep the nota- 

\i] 

tions from the previous proposition. Let y G w] We see y as an element of we have 

X^y = 0 so there exists z G £i such that y = X^~^z. Therefore, we have Vy = X'^~^Vz. But 
Vz G and X maps all 1 < /c < e. Thus 

r!/eK“, 

Since the Verschiebung respects the filtration on it induces maps on the graded pieces as 

claimed. 

Let us write o ■ ■ ■ o o Hasset o o • • • o mI^K We will prove that 

Let y G then yi := {Mf'^ o • • • o Xl\^^){y) is equal to [tt]^”^?/. Since [tt]-^?/ = 0, 

there exists z G £i^{i/e} such that y = X^~^ z. Thus yi = and Hassetiyi) = Vz. Finally, 

we get 

vW'(y) = [7r]^-^iLassei(2/i) = [Tij'^-^Vz = V(V"-^z) = Vy. 

The rest of the equalities are obtained by taking the valuation of the determinant of the previous 
relation. □ 

We will also set for 1 < j < e 

/ 

haW(G) = ^ha“(G). 
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From the previous proposition, we have 

/ / j e 

/laW(G) = hassei{G) + Y,raf(G)+v Y. 

2—1 \ k—2 

The elements (ha^\G))i^j will be called the partial Basse invariants. We will call the elements 
(/lol-H (G))j the ramified partial Basse invariants. Finally, the elements (hassei{G), m)f\G))ij will 
be called the primitive Basse invariants. 

Remark 1.11. We have the following inequalities 

< • • • < < p ■ 

If the Hasse invariant is small enough, then so are the invariants m['^^(G) and hassCiiG). In 
particular, they do not depend on the choice of an ordering for the sets and can be computed 
using any adequate filtrations. 

Proposition 1.12. Suppose that ha{G) < 1/e. Then the elements m['^^(G) and hassei{G) can be 
computed using any adequate filtrations on the modules 

Proof From the assumption ha(G) < 1/e, we easily get 

hassci!{G) + p ■ ri[G) < 1/e 

for any elements i,i' between 1 and /. We get 1/e > p ■ ri{G) > 2ri{G) > ri{G) + m^^\G) for 
any 1 < i < f and 2 < j < e, so that the hypothesis of Corollary 11.51 is satisfied. We also get 
1/e > hassei{G) + max(ri(G), ri_i(G)) and the hypothesis of Proposition 11.91 is satisfied for all 
!<*</• □ 

1.2. Compatibility with duality. The Hasse invariants we defined satisfy a compatibility with 
duality. We write G^ for the Cartier dual of G. It is a p-divisible group over Ok with an action of 
Op. It has height efh and dimension ef{h — d). We start with the following lemma. 

Lemma 1.13. There exists a free Ok C>Zp Op-module S of rank h with an exact sequence of 
Ok ®'Lp Op-modules 

0 —^ iOQ —y S —^ t 0. 

Proof. For all integer n > 1, let S{n} be the contravariant Dieudonne crystal of G Xqk OK,{n} 
evaluated at OK,{n} 1 |BBM| section 3.3). It is a free Ojf {„}-module of rank efh with an action of 
Op. As we have seen in the proof of Proposition 1 1.81 it is free as an OK,{n} <8’Zp Oi?-module. Define 

£ := ^m 

n 

It is a free Ok Oj’-module of rank h. The Hodge filtration I jBBM] corollary 3.3.5) gives exact 
sequences for all integer n > 1 

0 U!c,{n} —)• <-0QD^^n} b. 

This concludes the proof. □ 

We now state the duality property verified by the Hasse invariants. 
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Proposition 1.14. We have the equalities ha{G) = ha{G^) and hai{G) = hai{G^) for all 
1 < i < f. We also have m}^\G) = for all 1 < i < f and 2 < j < e. Suppose 

moreover that ha{G) < 1/e. Then hassei{G) = hassei{G^) for all 1 < i < f. 


Proof. The relation ha{G) = ha{G^) is proved in |Fa2| Proposition 2. The same proof (decomposing 
each module according to the elements of T) gives the equalities hai{G) = hai{G^) for 1 < i < /. 
We will now prove that = m^^\G) for all 1 < i < / and 2 < j < e. This will allow us to 

conclude thanks to the relation in [0,1/e] 

e e 

hai{G) = e ■ hassei{G) + ^(e + 1 - fc)mf'(G) +p^(fc - l)m'^i(G). 

fc =2 fe =2 

Let us fix an integer i between 1 and /. The free Ok <8>Zp 0_F-module £ decomposes in 

/ 

f = 0^., 

where £i is a free Ok ®Oirur,Ti OF-module. Note the equality 

e 

Ok ®OF^-r,Ti Of = Ok[X]/ - eri,k{Tr)). 

k=l 

We will denote by [tt] the action of tt in £i. Recall the exact sequence 

0 —> £i ^ 

To ease the notations, let us write tt^ := a’i_fc(T) for 1 < fc < e. Let us define 


:= jy e n ■ y ^ ^G,i 

for 0 < j < e. The module is free of rank he — j{h — d) over Ok- Furthermore, since 
([tt] — 7rfc)a;Q^j C for all 1 < fc < e, we have inclusions 


0 C Jg\ C • • • C 


^G,i 


= J/'"' c • • • c rr = £^■ 


[ 0 ] 


Moreover, the map [ tt ] acts by ttj on 1 < J < e- We thus have a filtration 

0 c c • • • c {£^/Tl^^r = OJGO^,, 

with free of rank j(h — d), and [ tt ] acts on the quotient (£ilT^^Y l{£ilT^ by tt ^-, 

for 1 < J < e. This proves that [£ilTf^Y = ^ or in other terms. 

We have thus related the filtration on uJGo^i to the one on uJG,i- We want to compute the element 
TOp^(G^). For this, one can work with {i/e}, which is a free Ox,{i/e}[-^jZ-^'^-module, with X 

acting by [ tt ]. Note that since ujg\ is contained in the set of elements killed by nfe=i([^] ~ we 
have 


T' 


L{l/e} — (y S G G)^G,i.,{l/e} \ ' 
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[21 

The action of [tt] on {i/e} form 


0 M. 


[ 2 ] 


0 


with the valuation of the determinant of equal to From the elementary divisors 

theorem for valuation rings, one can moreover suppose that is diagonal. Let us write yi,... ,yd 
the diagonal coefficients; we order them so that yi,...,are not units, and t/r+i, ■ ■ ■ ,yd are. We 
can thus find a basis (ei,..., e 2 d) of {i/e} srich that {i/e} generated by (ei,..., e^), 
and ['K\ed+k = UkS-k for all 1 < fc < d. One may then find a basis (ei,...,e;j) of £i^{i/e} over 
OK,{i/e}\X ]/such that 

• Cfc = X^~^£k for 1 < fc < d. 

• Cd+k = X<^-^£d+k + X^-'^ykEk for 1 < fc < r. 

• Cd+k = X^-'^yk£k for r + 1 < fc < d. 

Note that one has necessarily d + r < h. We then see that is generated by Xfj and 

{ek)i<k<d- The module is generated by and {X£k)i<k<d, {X£d+k +yk£k)i<k<r, 

{yk£k)r+i<k<d- We then may take {sd+i, ■■■,£h) for abasisoffi^^i/ei/Tij;^/^^, and (ei ,..., £r, Xsd+r+i, ■ ■ ■,X£h) 
for abasisof With these bases, the matrix of [tt] : ^i.{i/e}/-^ji/e} ^ 


,[2]/ 


is equal to 


/ -yi 


V 1 / 

Indeed, we have the relation Xsd+k + yk£k = 0 in all 1 < fc < r. In particular, 

the determinant of this matrix has valuation mf‘\G). This proves that mf'\G) = mf\G^). 
Considering fi/e}’ i® ^ OK,{i/e}[X\/X*^~^-\\\oA\Ae of rank d, one can prove 

by induction that the action of [tt] on Wqd {i/e} i® i'ti® form 


/ 0 


\ 


V 


Mf 

0 


with the property that the determinant of M, 
the proof. 


bl' 


has valuation (G) for 2 < j < e. This concludes 

□ 


1.3. Partial Hasse invariants in family. Let S be an -scheme. In this section only, we will 
consider a p-divisible group G —>■ S' of height efh with an action of Oi?. Let wg/g be the conormal 
sheaf of G along its unit section; it is a locally free sheaf over S. It also has an action of Of, and 
thus decomposes into ojg/s = ®{=i^G/S,i- We also make the following hypothesis. 
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Hypothesis 1.15. For each integer !<*</, there exists a filtration 


0 - , ,[ 0 ] ^ , ,[ 1 ] ^ 




C ^G/S,i = ^G/S,i, 


such that for all 1 < j < e, il^'G/s\ ^ locally free sheaf of rank d, and Of acts by aij on it. 

This hypothesis is for example satisfied when one considers certain moduli spaces of abelian 
varieties satisfying the Pappas-Rapoport condition 1 |P-R| 1. It implies that the dimension of G over 
S is equal to def. Each LOc/s,i is then a locally free sheaf of rank ed. We will also define 

:= Aei{u:^G/sJ^G~/s\) 

for all 1 < z < / and 1 < j < e. It is an invertible sheaf over S. We will define the partial Hasse 
invariants as sections of certain products of these invertible sheaves. For this, we need to work over 
Let 5'{i/e} := S XQk OK,{l/e} 

Proposition 1.16. The Verschiebung map induces sections 

for all 1 < i < f and 1 < J < e. The primitive Hasse invariants are sections 
Hasse. e ® 

and 

for 1 < z < / and 2 < j < e. Moreover, one has the relations for all 1 < i < f and 1 < j < e 
Ha^f^ = • Hassci ■ Mf'... 

Proof. This is exactly the construction done in [R-X] . □ 

2. Partial degrees 




2.1. Definitions. We are still considering a p-divisible G endowed with an action of Op satisfying 
Hypothesis 10.11 Let > 1 be an integer, and let iL be a finite flat subgroup of G[p^] stable by 
Of- Its height is thus a multiple of /, that we write fho- Let ljh be the conormal sheaf of H along 
its unit section; it is a finitely generated Oif-module of p^-torsion. We have an exact sequence 

0 —> ^G/H —t UJg —t t 0 . 

The degree of H (defined in |Fa|L written degiL can be defined as the valuation of the deter¬ 
minant of the map ujg/h ^G- Alternatively, we have degH = v{FittQ ujh)-, where Fitto is the 
Fitting ideal, and the valuation of an ideal xOk is the valuation of x. 

The definition of the partial degrees according to the elements of T is very natural. It has already 
been done in |Bi| . We have a decomposition loh = where Oj’ur- acts on iUH.i by Tj, and 

exact sequences 

0 —> UJG/H.i ^G,i GJH,i —^ 0 

for all 1 < z < /. 

Definition 2.1. The unramified partial degree degj H is defined as the valuation of the determinant 
of the map ojGjH.i ^G,i for all 1 < z < /. Alternatively, we have degj H = v{FittQ uiH.i)- 

Example 2.2. We have degj G[p^] = Ned and degj Gfy^] = Nd for all 1 < z < /. If iL is 
multiplicative, then degj H = hg for all z; if H is etale, then degj iL = 0 for all z. 
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The unramified partial degree of can be defined either by using the module lojjd i or the 
map ujQD i —>■ for 1 < * ^ The unramified partial degrees are thus canonically 

defined, and depend only on the subgroup H and not on the p-divisible group G.. This will not be 
the case for the general partial degrees. 

We will now refine the unramified partial degrees, to take into account the full action oi Op- 
These general partial degrees have already been defined by Sasaki for the Hilbert modular variety 
l|Sa|l. although very few properties were known. We recall that we have filtrations (wg j)i<j<e and 
.')Kj<e- The map u!GIH,i ^G,i respect this filtration; we thus get maps 


for all 1 < i < / and 1 < j < e. 


Cl) 


Ij] 

G/H,i 


—>■ UJ 


IJ] 

G,i 


Definition 2.3. The partial degree deg*' 


b] 


H is defined as the valuation of the determinant of the 


map 


for all 1 < i < / and 1 < j < e. 


Cl) 


bl 

G/H,i 


/w 


b-1] 

G/H,i 



b-1] 

G,i 


Example 2.4. We have deg|'^^ G[7r^] = Nd/e for all 1 < i < / and 1 < j < e. 


[ 7 ] [?1 

Define cc^b as the image of ojq\ in ujh for all 1 < i < / and 1 < j < e. Then we also have 

degl'^^ H = v(Fitto (cc^^./cl)^”^^)) for 1 < i < / and 1 < j < e. We define the element degj'^^ as 
the valuation of the determinant of the map 


,b] 


J' 


,b-i] 


G’^N G’^,i 


—Cl) 


b] 

{G/H) 


D 


./u 


b-1] 

{G/H)0,i- 


Remark 2.5. One can define the partial degrees of a finite flat Oi?-stable subgroup H C G[p^] even 
if the p-divisible group G does not satisfy Hypothesis 10.11 


2.2. Properties. The unramified partial degrees enjoy the following properties. 

Proposition 2.6. Let H be an Op-stable finite flat subgroup of G[p^] of height fh^. 

• We have deg H = Y^^=i H. 

• The unramified partial degrees are additive : if Hi C H 2 are two finite flat Op-stable 
subgroups of G/p^], then 

degj H 2 = deg, Hi + deg, H 2 /H 1 

for all 1 < i < f. 

• We have degj H^ = ho — degj H for all 1 <i < f. 

• The unramified partial degree degj H is in [0, /iq] for all 1 < i < f. 

Proof. The first relation comes from the decomposition loh = ®i=iG!H,i- The second relation is 
implied by the exact sequences 

for 1 < z < /. For the third equation, one reduces to the case where H is p-torsion by additivity. 
Let £g and £g/h be the free O/c-modules constructed in Lemma [1.131 for G and G/H respectively. 
Let £h be the Dieudonne crystal associated to H evaluated at Ok/v [ |BBM| section 3.1). Finally, 
let vp[D be the cokernel of the map g)'^g/h)v> ^'qd- We have a commutative diagram 
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0 0 0 


0 -^ ^GjH -^ ^ ^ 0 


0 -^ £g/h -^ £g -^ £h -^ 0 


0 ^ ^'{G/H)^ ^ ^G^ ^ ^ 0 

0 0 0 

Moreover, one checks that the horizontal and vertical lines are exact sequences. The modules £h 
and have an action of Of, and thus decompose in £h = vro = ,i- We have 

an exact sequence 

0 —>■ LOR^i Sr^I I'RD i 0 

for all i between 1 and /. We deduce the third equality, since degj = v{Fitto vrd j) and Er^i 
is a free Oic/p-module of rank ho- From this relation one can easily deduce the last assertion. □ 

The properties verified by the general partial degrees are similar, but the proofs of these properties 
are more difhcult. 

Proposition 2.7. Let H C G[p^] be a finite flat Op-stable subgroup, and let i be an integer between 
1 and f. 

• We have deg^^ H = degj H. 

• The partial degrees are additive : if Hi C H 2 are two finite flat Op-stable subgroups of 
G[p^], then 

deg[-^' H2 = degp' Hi + deg^' H2/Hi 

for all 1 < j < e. 

• We have deg^^ H^ = hoje — deg['^^ H for all 1 < j < e. 

• The partial degree deg['^^ H is in [0, ho/e] for all 1 < j < e. 

Proof. For the first assertion, one has just to observe that the determinant of the map loq/r i —> wg.i 

is the product of the determinant on the graded pieces to^Q^R i/^^jR i 

The second relation is obtained by remarking that the map LUG/H^.i ^G,i factorizes as 

^G/H2,i ^GIHi,i ^G,i, 

and that this factorization respects the filtrations on the three modules. 

Let us now prove the third relation. Note that it implies the last assertion. By additivity, one reduces 
to the case where 77 is a subgroup of G[7r]. Let £ be the free Op ®Zp OF-module constructed in the 
section O We keep the notations from that section. Let us fix an integer i between 1 and /. The 
module £i is a free Ok\X]/— (Ti_fe(7r))-module, with X acting by 1 (g) f. To simplify the 
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notations, let ns write tt^ := fTi,fe(7r) for all 1 < fc < e. Recall that we have exact sequences coming 
from the Hodge filtration 

0 —>■ U)Q^i £i ^ i ^ 


Moreover we have the following hltration on £i : 


0 c Ja\ c • • • c , 


'G,i 


■ = c 

7 *^7 ''- 


c j;™ 


with = (,G!GD^i/u!^QO j)^ for all 1 < j < e. Let £G/H,i be the module constructed for G/H; 

it is a free Ok[X\/ contained in £i and containing X£i. Moreover, £ilX£i ~ {Ok/p)^, 
and the quotient £il£G/H,i is free over Ok/p of rank hg. The module £G/H,ilX£i is thus a direct 
factor of £ilX£i. 

Let £i, ... ,£h be a basis of £i over Ok[X]/ nfc=i(^ “ such that <J^Gi i® generated by 


]^(X- TTk)£l, ■ ■ ■ ,W{X - -Kk^d- 

fe=2 /c=2 


Thus, is generated by {X — TT\)£i and ei,..., e^. Let - and be respectively the images 
of ijjQi in £ilX£i. We then have 

• the module is generated by ( 0^=2 , ( 0^=2 '^k)£d 

• the module is generated by ei,..., e^;, TTie^j+i,..., 

The quotient /Jq^ is thus a free 0^711^=2 TTfe-module of rank h. 

Let £H,i be the quotient £il£G/H,i'-' b i® ^ b’ee Oi^/p-module of rank hg. The image of i^ 
is equal to and if is the image of then £H,i/x'"^^ is isomorphic to To sum 

up, one has a hltration 

From the calculations made above, one sees that i i® ^ b'®® f^^c/nfc =2 '^k module of rank 

hg. This implies the relation 

degW iL + ho(l - i) + degW = h^. 

This gives the relation for the hrst partial degree. Considering the module which is free 

over Ok[X]/ ~ '^^k), one gets all the other relations by induction. □ 

The elements (deg['^^ iL)i<j<e depend on a choice of an ordering for the set E^. However, we have 
the following property. 


Proposition 2.8. Let H he a finite flat Op-stable subgroup ofG[p^], and leti be an integer between 
1 and f. Suppose that min(degj iL, degj iL^) +ri(G) < 1/e. Then the elements (deg['^^ iL)i<j<e do 
not depend on any choice. 

Proof. Suppose that degj iL + ri{G) < 1/e. The elements (degl'^^ H)i<j<e can be computed using 
the modules ..., We recall that for all 1 < j < e, the module ^ is the image of ujq\ 
in ujh- Since deg^H < 1/e — riiG), this module is also the image of (G)} 

Proposition 11.41 tells that the modules (<^g\ {i/g-r bo not depend on any choice. We 
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conclude that so do the modules and the elements degj'^^ if, for 1 < j < e. 

Suppose now that degj +ri{G) < 1/e. Since ri{G) = ri{G^), the previous argument shows that 

the elements deg^^ are well defined for all j between 1 and e. The formula deg^^ H = ho je— deg^^ 

f?l 

implies that the elements degj H are well defined too for all 1 < j < e. □ 


2.3. Partial degrees in family. Let X be an admissible formal O/f-scheme l |Bo| section 2.4). In 
this section only, G will denote a p-divisible group over X of height e/h, with an action of Op. 
Suppose also that there is a finite flat subgroup H C G\p^] over X for some integer N. We will 
denote the p-divisible group G/H by G', and (/) : G —>■ G' the isogeny. Let (jJg/x a^nd denote 

the conormal sheaves of G and G' along their unit sections. They are locally free sheaves over X, 
and thus decompose according to the elements of T 

/ 

^G/X = 

i=l 

and similarly for ujqi/x- We thus have a map (/>* : ujq' /x,i /x,i- We will also make the following 

hypothesis. 

Hypothesis 2.9. For each p-divisible Gq equal to G or G', and for each integer !<*</, there 
exists a filtration 

n _ , ,[0] ^ , ,[i] ^ , ,W _ ,, , 

^ ^Go/X,i ^ ^Go/X,i ^ ^ ^Go/X,i ^Go/X,n 

such that ^^gjx il^^~/xi ^ locally free sheaf of rank d, and Op acts by Ui^j on it for all 1 < j < e. 
Moreover, the map (j)* respects these filtrations. 


We will define 




and similarly for Cq, ^ for all 1 < i < / and 1 < j < e. They are invertible sheaves over X. The 
map (jf give sections 


^H,i 


c, 


[j] 




G,i ‘-G',i 


for all 1 < i < / and 1 < j < e. Let X’'*® be the generic fiber of X in the sense of Raynaud (' |Bo| 
section 2.7). We will still denote by ^ the invertible sheaves on X’'*®, and by (5^^^ the sections 
induced on X’’*®. Moreover, we have a norm map l |Kas| section 2) 


X"3 ^ R 

^ I'^“*(2;)I 

Definition 2.10. Let I < i < f and 1 < j < e. The partial degree degj'^^ H is a function X’'*® —>■ M 
defined by 

for all X G X"2. 
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3. The canonical subgroup 

3.1. An alternative approach. We recall the main theorem of Fargues t |Fa2| l regarding the 
construction of the canonical subgroup. 

Theorem 3.1 (Fargues). Suppose p ^ 2, and let Gq be a p-divisible group of height ho and dimen¬ 
sion do over Ok- We suppose that ha{Go) < 1/2, and that ha{Go) < 1/3 if p = S. Then there 
exists a canonical subgroup Co C Go[p], such that : 

• Co has height do- 

• degC^ = ha{Go)- 

• Co is the kernel of the Frobenius in G xqk OK,{i-ha{Go)}- 

• i/ha(G'o) < l/(p + 1) then we have ha{Go/Co) = p ■ ha(Go)- 
Moreover the construction of the canonical subgroup is compatible with duality. 

This theorem says that if a p-divisible group is close to being ordinary, then one can construct a 
subgroup of large degree in its p-torsion, and that this construction is canonical. Another possible 
approach is to assume the existence of a subgroup of large degree, and then to prove that it is 
canonical and verifies some other properties. More precisely, one can prove the following theorem 
by simple arguments. 

Theorem 3.2. Let Gq be a p-divisible group of height ho and dimension do over Ok- Suppose 
that there exists a finite flat subgroup Gq C Go[p] of height do such that deg Gq <1/2. Then Gq is 
the unigue finite flat subgroup of Go[p\ satisfying these properties. Moreover, we have the relation 
degCfP = ha{Go), and Gq is the kernel of the Frobenius in G xqk OK,{i-ha(Go)}- 

Proof. Let FI he a. finite flat subgroup of G[p] of height do and let h be the height of iJ n Gq. 
Suppose that h < do —1, and that degiL > do — 1/2. Then we have by the properties of the degree 
function ('|Fa|f 

deg FI + deg Go < deg(iJ + Go) + deg(iL n Go) < deg G[p\ + h< 2do - 1, 

and we get a contradiction since both H and Go have a degree strictly larger than do — 1/2. 

Let w = degGfP = deg Go[p]/Go. We have an exact sequence 

0 —> ^Go[p]/Go —t ^ 0. 

We thus have an isomorphism The Verschiebung map 1^ '-^Ga,{i-w}^ {i-w} 

has a determinant of valuation ha{G) by definition. On the other side, one can filter the subgroup 
Go by finite flat subgroups 

0 = HoCHiC---CHd,= Co, 

such that Hi/Hi-i has height 1 for all 1 < f < do. We thus get a filtration 

0 c iVCo/H^o-i C • • • C UlCa/Hi C WCq- 

Let uJCo/Hi,{i-w} denote the image of uJCg/Hi in ^Go,{i-w}- We have exact sequences 

0 —?> U!Co/Hi,{l-w} ^Go,{l-w} UJHi OOk Ok, {1-w} 0 

for all 1 < f < do ~ 1- We claim that uj^i ‘Siqk Ok,{i-w} is n free module over Ok,{i-w} of rank i. 
Indeed, u)Hi is generated by i elements, so there is a surjective map 

(Gi^qi})* —t UJHi- 
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The kernel of this map is killed by any element of valuation greater than i — deg Hi = deg Hf < w. 
The previous map is thus an isomorphism after tensoring with and this proves the claim. 

Since wco,{i-iu} WHi ®Ok Ok,{ i-w} are free modules over Ok.{i-w} of rank respectively do 
and i, we deduce that u!Co/Hi,{i-w} is a free Oif.{i_iu}-module of rank do — i. We have thus 
filtered the module uJCo,{i-w} by free Ok,{i-w} subspaces, and the graded pieces are isomorphic to 
®Ok Ok,{ 1 -w}- The groups Hi/Hi-i satisfy the conditions of those studied by Oort-Tate 
i |T-0| l. In particular, the Verschiebung map for this group is the multiplication by an element 
whose valuation is the degree of the dual of the group. Putting everything together, one gets 

do 

ha{G) = ^deg(idfyidi_i)^ =degC^ = w, 

i^l 

this equality being in [0,1 — w]. Since w < 1 — w, we have the relation ha{G) = degCjP. 

For the last relation, one observes that the morphism 

LOcD ®Ok Ok,{1-w} ^G°,{l-w} 

is 0 since the degree of Cq is strictly less than w. We can then apply Proposition 1 in [Fa2| . □ 

Note that there is no assumption on p in the previous theorem. The canonical subgroup con¬ 
structed by Fargues is thus uniquely determined by the fact that it has height the dimension of the 
p-divisible group, and that its dual has degree strictly less than 1/2 (or equivalently that its degree 
is strictly larger than its height minus 1/2). This leads to the following definition. 

Definition 3.3. Let Go be a p-divisible group of height ho and dimension do over Ok- Let Co be 
a finite flat subgroup of Go [p] ■ We say that Co is the canonical subgroup of Go if the height of Gq 
is do and if degG,f < 1/2. 

Theorem 13 .1 1 then gives a criterion for the existence of a canonical subgroup. Note that Theorem 
13.21 says that the existence of a canonical subgroup implies the relation ha{G) < 1/2. 

3.2. The partial degrees of the canonical subgroup. We have seen that one can relate the 
degree of the canonical subgroup and the Hasse invariant. When one considers a p-divisible group 
G with an action of Op, much more can be said. We keep the notations from the previous sections. 
We have the following result. 

Theorem 3.4. Let G be a p-divisible group over Ok with an action of Op satisfying Hypothesis 
10.11 Suppose that there exists a canonical subgroup C C G[p] (in the sense of Definition \ii.‘3\) . 

(1) Suppose that ha{G) < min(l/e, 1/2); then we have 

degj = hai{G) and degj Gfy]^ = haf\G) 

for all 1 < i < f. This implies degGfyJ-^ = /labl(G). 

(2) Under the same hypotheses, we have 

degf' Gfy]^ = hasse^iG) and deg'^' Gfy]^ = m'^''(G) 
for all 1 < i < f and 2 < j < e. 

(3) If e = 1 we suppose that ha{G) < l/(p + 1); if e > 2, we suppose that ha{G) < l/(pe) as 
well as the existence of a canonical subgroup for GfC. Then hai{G/C) = p ■ hai-i{G) for 
1 < z < /. We also have 

ha[^^(G/G[7r]) =p - ha[!!^(G) and ha^\G/C[K]) = ha\^~^\G) 
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for all 1 < i < f and 2 < j < e. The Basse invariant of G/C['k\ is then equal to 
ha{G) + {p — Moreover, i/e >2 

hassei{G/Gill]) = , mf^(G/G[7r]) = hassei{G) and {G/G[tt]) = m}f~^\G) 

for all 1 < i < f and 3 < j < e. 

From the result of Fargues (' |Fa2p . the existence of the canonical subgroup for G is guaranteed 
by the conditions p > 3 and ha{G) < 1/2, or p = 3 and ha{G) < 1/3. The existence of the 
canonical subgroup for G/G is guaranteed by the conditions p > 3 and ha{G) < l/(2p), or p = 3 
and ha{G) < l/(3p). 

One can then not only relate the degree of G to the Hasse invariant, but also the degree and 
partial degrees of G[7r] to the partial Hasse invariants. One can also compute the partial Hasse 
invariants of the p-divisible group G/G[7r]. Actually, one can get information on G[7r^]. Indeed, we 
have the following propositions. 

Proposition 3.5. Let G be a p-divisible group over Ok with an action of Op satisfying Hypothesis 
10.11 and suppose that there exists a canonical subgroup G C G[p]. Suppose that e > 2 and let 
\ <k < e be an integer. Suppose that ha{G) < 1/e; then we have 

deg,(G[^'=]/G[7r'=-p)^ = ha^l+^-^\G) 

for all 1 < i < f. Thus deg(G[7r^']/G[7r^“^])^ = ha^‘^~^^~^^G). Suppose that ha{G) < l/(pe), and 
that there exists a canonical subgroup for GjG. Then for all 1 < i < f we have 

• degl^''(G[7r'=]/G[7r'=-i])^ = p • forl<j <k-l. 

• deg|^^(G[7r^]/G[7r^“^])^ = hasseiifJ). 

• deg['^^(G[7r'"']/G[7r''“^])^ = for fc + 1 < j < e. 

Proposition 3.6. Let G be a p-divisible group over Ok with an action of Op satisfying Hypothesis 
10.11 and suppose that there exists a canonical subgroup O C G[p]. Suppose e > 2, ha{G) < l/(pe) 
and that there exists a canonical subgroup for GjC. Then we have 

(hap'(G/G[^'=]))i<,<e = (p • ha'lf. •. ,P • ha'l(G), haW(G),. ■., 
for 1 < i < / and 1 < k < e. These relations are equivalent to 

{hassei{GIC[K'^]),rnf\GIC[K^\),... ,m^l\G/G[ k^\)) = 

(p • ... ,P • m[!!i(G), hassei{G),mf\G),... ,m}-l~^\G)) 

for all 1 < i < f and 1 < k < e — 1. For k = e we get hassei{G/C) = p ■ hassei-i{G) and 
mk(G/G) = p • ml'ki(G) for all I <i < f and 2 < j < e. 

We could have presented these two results as corollaries of the theorem, but to get sharper 
bounds on the Hasse invariant, we will prove these three results together. This will be done in the 
next section. We sum up all the information in the following two tables. 
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GH- 

(G[T^]/G[7r])- 


(G/G[7r"-^])^ 

G^ 

deg‘^‘ 

hassei(G) 

p-mfii(G) 


p-m‘/ii(G) 

haf\G) 

deg‘^‘ 

im/^\G) 

hassei{G) 


p-m‘/ii(G) 

haf{G) 







degf* 

mf{G) 

mf~'^\G) 


hassei{G) 

hat^G) 

degi 

haf\G) 



WiG) 

ha,{G) 

deg 

/laW(G) 

/ial"-b(G) 


/ladl(G) 

ha{G) 


Table 3.1. The partial degrees of the graded parts of the canonical subgroup 



G/G[tt] 

G/G[^^J 


G/C 

hassci 

p-mfii(G) 

p ■ (G) 


p ■ hassei-i(G) 

P] 

m\ 

hassei{G) 

p-mfl^{G) 


p-mfl^{G) 

mi ' 

to‘^‘(G) 

hassei{G) 


p-mf\{G) 






l^J 

ml 

mf"^‘(G) 

mf~^\G) 


p-m///\{G) 


Table 3.2. The primitive Hasse invariants of the p-divisible groups G/CI-k^] 


These two tables are valid if G is a p-divisible group as in Theorem 13.41 C is the canonical 
subgroup, ha(G) < min(l/(pe), l/(p+ 1)) and if there exists a canonical subgroup for G/C. 

Remark 3.7. It is not difficult to see that if G does not satisfy Hypothesis 10.11 then ha(G) = 1 and 
there cannot be a canonical subgroup for G[p]. We could thus have removed this assumption in the 
theorem and in the propositions. 

Remark 3.8. The condition ha{G) < 1/e imply that all the partial and primitive Hasse invariants 
of G are well defined. If ha{G) < 1/e and G is the canonical subgroup of G[p], then we have 

e—1 

degj G[7r]'° + ri{G) < ha^//\G) + ^ ha^l^{G) < ha{G) < 1/e. 

i=i 

Thus the partial degrees of G[7r]^ are well defined too thanks to Proposition 12.81 

Remark 3.9. If G satisfies the Rapoport condition, then we have m['’^(G) = 0 for all 1 < i < / and 
2 < J < e. Then we have 

degj(G[7r^']/G[7r^“^])^ = hassei{G) 

for all 1 < * < / and 1 < fc < e. Moreover, the element deg['^^(G[7r^]/G[7r^“^])^ is equal to 
hassei{G) if / = k and 0 otherwise. Let k be an integer between 1 and e — 1. The elements 
(/iassei(G/G[7r*^]),m|'’^(G/G[7r^])) are all 0 except the relation m^^~^^\G/G[Tr^]) = hassei{G) for 
all 1 < f < /. Note that if G is not ordinary, then G/G[7r^] does not satisfy the Rapoport condition 
for 1 < fe < e — 1. This is consistent with the fact that the Utt operator on the Hilbert modular 
variety does not stabilize the Rapoport locus (see 
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Remark 3.10. Suppose that e > 2, that the Hasse invariant of G is small enough, and that there 
exists a canonical subgroup C C G[p]. Consider G' = G/C[7r], it has a subgroup Hq = G[7r]/G[7r]. 
This subgroup has partial degrees 

(degp'i/o)i<i<e = {hasse^{G),mf\G),...,mf\G)) 

for all 1 < z < /. In G" = G/G[7r^], the image of Hq is Hq = G'[7r]/(G[7r^]/G[7r]). It has partial 
degrees 

(degp'ifo )i<j<e = (p-m[!!i(G),/zassei(G),mf (G),...,m[®"^'(G)) 
for all 1 < z < /. This shows that the Utt operator on the Hilbert modular variety does not increase 
in general any of the partial degrees. 

3.3. Proof of the theorem. Before proving the theorem, we recall the structure theorem of 
Raynaud ( |Ra) l concerning finite flat group schemes of height / over Ok-, of p-torsion and with an 
action of Oj’ur. 

Proposition 3.11. Let H be a finite flat group scheme of height f over Ok, of p-torsion and with 
an action of Op-u-r. Then there exists elements (ai,&i)i<i</ of Ok such that aib^ = pu (where u is 
a fixed p-adic unit), with H isomorphic to the spectrum of 

OK[Xi,...,Xf]/iXf-a,+iX,+i), 

where we identify Xjpi and Xi. The dual of the group with parameters {ai,bi) is the one with 
parameter {hi, at). Moreover, we have u]H,i = Ok/ at, and therefore degj H = v(ai), degj H^ = v(bi) 
for all 1 < i < f. The Verschiebung map ujH,i ojk(p) i_i is given by 

OK/oi Ok/(p, 

1 —>■ 

for all 1 < i < f. 

We will refer to such group schemes as Raynaud group schemes. 

Remark 3.12. Since the group is defined over Ok, the condition (**) of [Raj is automatically 
satisfied. 

We now turn to the proof of Theorem 13.41 and of Propositions 13.51 and 13.61 Let G and G be as 
in the theorem. Let us write w = ha{G). We have an exact sequence 

0 C0o[p\/C coc 

But the degree of G[p]/G is w, thus we have an isomorphism 

It gives isomorphisms wq ^ ~ ^c,i,{i-w} for 1 ^ The space 0{0k) is a Fg-vector 

space, with a map [tt] such that [tt]® = 0. Let us give a filtration on this vector space; it gives a 
filtration Hi C • • • C Hde = G, such that each Hk+i/Hk is a Raynaud group scheme. Moreover, 
one can do it in a way that H^d = G[7r^] for all 1 < fc < e. This gives a filtration 

0 C C • • • C Wc/ZZi C U)C- 

Let ojc/Hk,i,{i-w} be the image of ojc/h,, hi u!c,i,{i-w}- We have thus filtered the free Ok,{ i-w}- 
module of rank de wic,i,{i-w} by de submodules, such that each of the graded pieces is monogenous 
(since Hk+i/Hk is a Raynaud group scheme, the quotient wc/fZfc.i/^c/fZfc+i.i - i® 

monogenous). This forces each module ojc/Hk,i,{i-w} to be free of rank de — k over Ok,{i-w}- 


PARTIAL HASSE INVARIANTS, PARTIAL DEGREES AND THE CANONICAL SUBGROUP 


25 


We have filtered u!c,i,{i-w} by free Ok.{i-w} submodule, and the Verschiebung acts on the graded 
pieces by the multiplication by an element of valuation degj(idfc/^ffc-i)^- 

We will first compute the unramified partial degrees of C. When one takes the valuation of the 
determinant of the Verschiebung acting on uJc,i.{i-w}) one gets the following equality in [0,1 — w] 

de 

ha,{G) = ^deg,(idfc/idfc_i)^ = deg,C^ 

k=l 

for 1 < i < /. Since hai{G) < w < 1 — w, this relation is simply an equality. This settles the first 
assertion of Theorem 13.41 in the case e = 1. 

We now assume e > 2. The filtration 

0 C a;c/C[7i-<=-i],i,{l/e} c • • • C U;c/CM,^,{l/e} C 

is thus an adequate filtration of ^ |i/e} — ‘^c,i,{i/e} for all 1 < i < /. Moreover, from the result 
on Raynaud group schemes, the determinant of the map 

(t^C/C[7r'=-i]/t^C/C[7r'=],i-l,{l/e}) 

has a determinant with valuation equal to degj(C'[7r^]/C[7r^“^])^ for 1 < i < / and 1 < fc < e. 
From Propositions 11.91 and 11.101 one gets 

= de&(C[7r'=]/C[7r'=-i])^ 

for all 1 < i < / and 1 < k < e. This concludes the proof of the first assertion of Theorem l3.41 and 
the first part of Proposition 13.51 

Now let us turn to the computation of the partial Hasse invariants of the p-divisible groups 
G/G[7r^], for 1 < /c < e. The p-divisible group (G/G) xqk Ox,{i-w} is isomorphic to (G xqk 
O x.{i-w})^^K where the subscript means a twist by the Frobenius. First we suppose that and 
w < l/(p+ 1). We have the following equality in [0,1 — w] 

ha,(G/C) =p-ha,-i(G) 

for 1 < i < f. Since p ■ hai-i(G) < pw < 1 — ic, this is just an equality. This proves the first 
assertion of Theorem 13.41 in the case e = 1. 

Now we suppose that e > 2 and w < l/{pe). Since the element p ■ w is strictly less than 1/e, we 
have 

ha^\G/G)=p-ha^l,{G) 

for all 1 < i < / and 1 < / < e. This gives the result for G/G. Now assume the existence of a 
canonical subgroup for G/G. We will write G 2 C G[p^] the subgroup such that G 2 /G is the canonical 
subgroup of G/G. Since ha{G/G) < 1/e, we can apply our previous result to this p-divisible group. 
We note that (G2/G)[7r^] = G2[7r^+®]/G, and get 

deg,(G2[T'=+'=]/G2[7r^+'=-i])^ =p- 

for all 1 < i < / and 1 < A: < e. Next, we consider the p-divisible group G/G[7r^]. One easily 
checks that it as a canonical subgroup equal to G2[7r^+®]/G[7r^]. Applying our previous result to 
this p-divisible group, one gets 

haf{G/G[TT'^]) = deg,(G2[^'=+"+i-^']/G2[^'=+"-^'])^ 
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for all 1 < z < /, 1 < j < e and 1 < fc < e. Putting all these relations together, we conclude that 

= (p • ^(G), /zaf'(G),..., ha^r'^\G)) 

for 1 < i < / and 1 < fc < e. This proves the third assertion of Theorem 13.41 and Proposition 13.61 

We will now compute the partial degrees of G[7r]^. We will prove that deg[^^ (G) 

for all 1 < z < / and 2 < j < e. Since we have already computed the unramified partial degree 
degjG[7r]^ = /za[^^(G), this will imply that deg[^^ G[7r]^ = hassei{G). 

Let us fix an integer i between 1 and /, and let us denote by the cokernel of the map 

j —i” Wg_D j- We thus have an exact sequence 

0 Uj'(c/C[Tr])!^,i '^C[7r]0,z ^ 0- 

Since degj G[7r]^ = haf\G) < 1/e, we have an exact sequence 

^(G/C[7r])D,i.{l/e} ’^G[7v]0,i 0. 

On uJqd i {i/e}’ action of [tt] is given by a matrix of the form 

/ 0 m]"' ... * \ 

0 * 

V 0 

where this matrix is written in a basis respecting the filtration (w^d ^ ^ 

determinant of the matrix has valuation m['^^(G) for all 2 < j < e. Here, all the blocks are 
of size h — d. By a slight abuse of notation, we will still denote by i {i/e} image of 

this module in g)'qd j {i/e}> work with this module from now on. This module contains 

[tt] -WgD ^ image of this module in the quotient uj^o ■ {i/e}/M i {i/e} generated 

hy h — d elements (since the height of G[7r]/G[7r] is f{h — d)). We will write the matrix of these 
h — d elements by 



Since the module ^ contains as a quotient a module isomorphic to we 

see that z;(det W) < degj G[7r]^ = (G). We now claim that the intersection of G}'^G/C[K])r> i {i/e} 

with the first step of the filtration [uiqd generated by the image of the matrix 

M^f^. Indeed, let us write by V 2 ,..., V/ the (non zero) columns of the matrix of [tt]. An element X 
in j {i/e} then be written as a linear combination 

X = V2Q!i + ■ • ■ + V/o^e-l + HOe, 

for some {h — d)xl columns ai. If AT is in the first step of the filtration, then one sees that Were = 0 
in {i/e}- This implies that the elements of Oe have a valuation greater than I/e — hc^l\G). We 
then get the relation = 0 in r_i . The valuations of the elements of ap_i are 

I e z A-qi/e-Zto/qG)} 
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thus greater than 1/e — (G) — (G). By induction, one sees that the coefficients oi a 2 , ■ ■ ■, ae 

have all a valuation greater than 1/e — ha^^\G) — mf^G) — ■ ■ ■ — m}^~^\G). This concludes the 
claim, with the hypothesis 

e 

haf\G) + J2^^\G)<l/e. 

i=2 

This hypothesis guarantees that deg^*^^ Reasoning by induction, considering the 

module {i/e}^'' under the same hypothesis 

deg[^'G[7r]^ =m[^'(G) 

for all 2 < j < e. This concludes the second assertion of Theorem [331 since the hypothesis is implied 
by the relation ha{G) < 1/e. Indeed, if e > 2, one has 

e 

/laf^(G) + ^ mf{G) < 2haf{G) < 2ha^^\G) < ha}-^\G) + ha^^-^\G) < ha{G) 

3=2 

for all 1 < * < /. 

To conclude, it remains to prove the second part of Proposition 13.51 i.e. to compute the partial 
degrees of (G[7r^'+^]/G[7r^])^ for 1 < fc < e — 1 with the assumption that ha{G) < l/(_pe) and the 
existence of a canonical subgroup for GjG. We want to apply our previous result to the p-divisible 
group G/G[7r^]. For this we need the hypothesis 

e 

ha^SGIG[A)+Y.^f{GIG[A) < lie 

3=2 

for all 1 < f < / and 1 < fc < e — 1. But from the computation on the primitive Basse invariants 
of G/G[7r^], we have 

e e e—k 

ha^l;\G/G\TT^]) + ^m|^'(G/G[7r'=]) = ha^ll~^\G) +p ^ rn^lli{G) + hassei{G) +'^mf{G) 

j=2 j=:e—k-\-2 j—2 

< 2haf~''\G) < 2/{pe) < 1/e 

for all 1 < i < / and 1 < fc < e — 1. This concludes the proof of Theorem 13.41 and Propositions 13.51 
and 13.61 

Remark 3.13. Incidentally, we have proved that if iJ is a finite flat subgroup of G[7r] of height 
f{h — d) such that 

e 

deg, H + ^mpl(G)<l/e 

3=2 

for some integer i, then deg['^^ H = m|'^~''^^(G) for all 1 < j < e — 1. 
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